Integr. equ. oper. theory 99 (9999), 1–23 0378-620X/99000-0, DOI 10.1007/s00020-003-0000 © 2005 Birkhäuser Verlag Basel/Switzerland

Integral Equations and Operator Theory

State-feedback stabilization of well-posed linear systems

Kalle M. Mikkola

Abstract. A finite-dimensional linear time-invariant system is output-stabiliz-able if and only if it satisfies the finite cost condition, i.e., if for each initial state there exists at least one L^2 input that produces an L^2 output. It is exponentially stabilizable if and only if for each initial state there exists at least one L^2 input that produces an L^2 state trajectory. We extend these results to well-posed linear systems with infinite-dimensional input, state and output spaces. Our main contribution is the fact that the stabilizing state feedback is well posed, i.e., the map from an exogenous input (or disturbance) to the feedback, state and output signals is continuous in L^2_{loc} in both open-loop and closed-loop settings. The state feedback can be chosen in such a way that it also stabilizes the I/O map and induces a (quasi) right coprime factorization of the original transfer function. The solution of the LQR problem has these properties.

Mathematics Subject Classification (2000). Primary 93D15, 49N10; Secondary 93C25.

Keywords. Exponential stabilization, output stabilization, finite cost condition, LQR problem, quasi-coprime factorization.

1. Introduction

To illustrate the philosophy behind our results while avoiding undue technicalities, in this introductory section we start with the (more or less well known) finitedimensional case.

The standard model of a finite-dimensional linear time-invariant system is ẋ(t) = Ax(t) + Bu(t), y(t) = Cx(t) + Du(t), t ≥ 0, x(0) = x_0.

(1.1)

This work was written with the support of the Academy of Finland under grant #203946.

2 Kalle M. Mikkola IEOT

A B C D F 0 ẋ = Ax + Bu y = Cx + Du � x �ẋ � �

�y �z = F x �

�^++� u_⟲ � u = F x + u_⟲ � �

Figure 1. State-feedback connection

Here the generators [^{A B}_{C D} ] ∈ B(X × U, X × Y) are matrices, and U = C^p, X = C^n and

Y = C^q are called the input space, the state space and the output space, respectively.

We call u the input (or control), x the state and y the output of the system.

The Laplace transform of u is defined by ^u(s) :=

�_∞ 0 e^{−st}u(t) dt. One easily observes that with zero initial state x_0 = 0 equation (1.1) leads to ^y = D̂ ^u, where D̂(s) := D + C(sI − A)^{−1}B (1.2)

is called the transfer function of the system. Conversely, every rational matrixvalued function has a finite-dimensional realization, i.e., it is the transfer function of a finite-dimensional system.

State feedback means that we add a second output, say z(t) = F x(t), where F ∈ B(X, U), and feed this signal to the input, as in Figure 1. Under an exogenous input (perturbation) u_⟲, we get u = F x + u_⟲. Solving for ẋ, y and z in terms of x and u_⟲, we get the following closed-loop system (for t ≥ 0)

ẋ(t) = (A + BF )x(t) + Bu_⟲(t), y(t) = (C + DF )x(t) + Du_⟲(t), z(t) = F x(t), x(0) = x_0.

(1.3)

(By the open-loop system we mean the original system (1.1) with the additional output z = F x, i.e., as in Figure 1 without the dashed connection.)

The (original) system is called exponentially stable iff there exist M, ϵ > 0 such that ‖x(t)‖_X ≤ Me^{−ϵt}‖x_0‖_X (t ≥ 0) for each initial state x_0 ∈ X, or equivalently, iff the spectrum σ(A) is contained in the open left half-plane C^− := {s ∈ C � Re s < 0}. By Datko’s Theorem, an equivalent condition is that x ∈ L^2(R_+; X) if u = 0 (for all x_0 ∈ X). The system is called exponentially stabilizable iff there exists a state feedback operator F ∈ B(X, U) such that the closed-loop system (1.3) is exponentially stable.

The following condition is called the state-FCC (state Finite Cost Condition):

For each x_0 ∈ X, there exists u ∈ L^2(R_+; U) such that x ∈ L^2(R_+; X). (1.4)

Recall that x stands for the solution of (1.1).

Vol. 99 (9999) State-feedback stabilization of WPLSs 3

Next we state three theorems for the system (1.1). We shall generalize them in Section 5.

Theorem 1.1. The state-FCC (1.4) holds iff the system is exponentially stabilizable.

The above result is a special case of the following result that involves also C and D (the terminology will be explained below):

Theorem 1.2. The output-FCC (1.5) holds iff the system is output-stabilizable.

The output-FCC means the following:

For each x_0 ∈ X, there exists u ∈ L^2(R_+; U) such that y ∈ L^2(R_+; Y), (1.5) that is, some stable (i.e., L^2) input makes the output stable. This condition is strictly weaker than the state-FCC (1.4).

The system is called output-stabilizable if there exists F ∈ B(X, U) such that the state-feedback u(t) = F x(t) makes u and y stable for each initial state x_0 ∈ X (with no exogenous input: u_⟲ = 0). In fact, then F can actually be chosen so that u and y become stable for each x_0 ∈ X and each u_⟲ ∈ L^2(R_+; U), and, in addition, the maps u_⟲ → [^yu ] become (right) coprime.

Indeed, from (1.3) we obtain, for x_0 = 0, that s^x(s) = (A+BF )^x(s)+B ^u_⟲(s), hence

^x(s) = (s − A − BF )^{−1}B ^u_⟲(s), ^y = N̂ ^u_⟲, ^u = M̂ ^u_⟲, (1.6) where N̂ ^u_⟲ = (C + DF )^x + D ^u_⟲ and M̂ ^u_⟲ = ^z + ^u_⟲ = F ^x + ^u_⟲, hence N̂ (s) := D+(C+DF )(s−A−BF )^{−1}B, M̂ (s) := I+F (s−A−BF )^{−1}B. (1.7)

By [^{N̂}_{M̂} ] : ^u_⟲ → [^{^y}_{^u} ] being right coprime we mean that there exist f, g ∈ H^∞ that satisfy the Bézout equation fM̂ + gN̂ ≡ I. Recall that H^∞ denotes the space of bounded holomorphic functions on the right half-plane C^+ := {s ∈ C � Re s > 0}. We express the above as follows:

Theorem 1.3. If the output-FCC (1.5) holds, then there exists an output- and I/O-stabilizing state feedback with N̂ and M̂ right coprime.

By output- and I/O-stabilizing we mean that (see Figure 1)

‖ [^y_z ] ‖_2 ≤ M(‖x_0‖_X + ‖u_⟲‖_2) (x_0 ∈ X, u_⟲ ∈ L^2). (1.8) The map D̂ : ^u → ^y can be written as D̂ := N̂ M̂^{−1}. We express this as follows:

Corollary 1.4. Any function having an output-stabilizable realization has a rightcoprime factorization.

The state-feedback operator F used above is usually obtained by solving the so-called (algebraic) LQR Riccati equation PB(I + DD^∗)^{−1}B^∗P = A^∗P + PA + C^∗C, (1.9)

4 Kalle M. Mikkola IEOT

since F = −(I + DD^∗)^{−1}B^∗P for the minimal nonnegative solution P. This F is the unique state-feedback operator that minimizes the LQR cost function

J (x_0, u) =

�_∞ 0 � ‖y(t)‖^2_Y + ‖u(t)‖^2_U � dt (1.10)

for each initial state x_0 ∈ X.

In Section 5 we shall extend the above theorems to arbitrary well-posed linear systems (WPLSs). These systems are a generalization of the systems of type (1.1) and allow unbounded generators and infinite-dimensional input, state and output spaces; see Section 2 for details.

The state-FCC has been studied under the name “optimizability” in, e.g., [WR01]. Thus, our generalization of Theorem 1.1 shows that optimizability is equivalent to exponential stabilizability.

It was already known that under the output-FCC an output-stabilizing control is produced by another WPLS, as shown in [Zwa96] (the case with C ∈ B(X, Y) was shown in [FLT88]), or by “ill-posed state feedback”. It was not known that this other system can be obtained from the original one by a well-posed state feedback. It means that the state-feedback loop is well posed with respect to external disturbance, i.e., that the maps M̂ : ^u_⟲ → ^u and M̂^{−1} are well defined (see Figure 1). In fact, the functions M̂ and M̂^{−1} become proper (bounded on some right halfplane).

Any bounded state-feedback operator (F ∈ B(X, U)) generates a well-posed state feedback, but so do some unbounded ones. If B and C are bounded, then the stabilizing state feedback is given by a bounded F ; this special case of Theorems 1.1 and 1.2 was already known. The two theorems were known also for fairly unbounded B’s in the case that A generates an analytic semigroup and C is bounded [LT00].

To extend Theorem 1.3 and Corollary 1.4 to arbitrary WPLSs, we must replace coprimeness by “quasi-coprimeness”, which we define below.

For any ω ∈ R we set C^+_ω := {s ∈ C � � Re s > ω}. By H2_ω(U) we denote the Hilbert space of holomorphic functions C^+_ω → U for which

‖h‖^2_H2_ω := sup_{r>ω}

�_∞ −∞ ‖h(r + it)‖^2_U dt < ∞. (1.11)

Moreover, C^+ := C^+_0 , H^2 := H^2_0. Bounded holomorphic functions N̂ : C^+ → B(U, Y) and M̂ : C^+ → B(U) are called quasi–right coprime iff �^ N M̂ � h ∈ H^2 ⇒ h ∈ H^2 for every h ∈ H^2_ω (U) and ω ∈ R. (1.12)

In other words, quasi–right coprimeness means that if h is in some H^2_ω and its image is in H^2, then h must actually have been in H^2. We identify any function with its holomorphic extension (if any) to a right half-plane, so “∈ H^2” means that “is the restriction of an element of H^2”.

Vol. 99 (9999) State-feedback stabilization of WPLSs 5

For a quasi–right coprime factorization D̂ = N̂ M̂^{−1}, the image [^{M̂}_{N̂} ] [H^2] equals the graph [^I^_D ] [{f ∈ H^2 � � D̂f ∈ H2}]. In fact, also the converse holds. See also Lemma 4.4.

Whenever N̂ and M̂ are (Bézout) right coprime, they are quasi–right coprime. Indeed, [^{N̂}_{M̂} ] h ∈ H^2 and fM̂ + gN̂ ≡ I imply that h = � f g � [^{N̂}_{M̂} ] h ∈ H^2.

The two forms of coprimeness are equivalent if N̂ and M̂ are rational [Mik02, Lemma 6.5.3]. However, quasi coprimeness is in certain sense a more natural extension of coprimeness to the non-rational case. We shall treat different forms of coprimeness in detail in future articles.

Our proof is based on showing that the control minimizing (1.10) is given by well-posed state feedback, but due to the unboundedness of B, C and F , we must use the integral Riccati equations of Lemma 3.8 instead of the algebraic one above. Those equations allow us to reduce the minimization problem to a stable one by replacing A by A − α for α big enough (we must add some cost on the state to keep the minimal cost the same). The stable LQR problem can then be solved by using a spectral factorization.

See Section 6 for generalizations and further historical comments.

2. Well-posed linear systems and state feedback

In this section we present our notation and definitions except for those concerning optimization and coprimeness. The definitions and claims in this section and further details can be found in, e.g., [Sta05], [Sta98a], [Wei94] or [Mik02, Chapter 6].

By B(U, Y) we denote the set of bounded linear operators U → Y, and we write B(U) := B(U, U) (similarly for something else in place of B).

Let U, X, Y be arbitrary complex Hilbert spaces. If the generators of the system (1.1) are bounded, i.e., [^{A B}_{C D} ] ∈ B(X × U, X × Y), then the unique solution of (1.1) is obviously given by the system � x(t) = A^tx_0 + B^tu y = C x_0 + Du, (2.1) where A^t = e^{At}, B^tu =

�_t 0 A^{t−s}Bu(s) ds,

(C x_0)(t) = CA^tx_0, (Du)(t) = CB^tu + Du(t).

(2.2)

The above formulas are actually valid for fairly unbounded operators, but in the most general case the right-hand-sides (at least “CB^t”) become meaningless. Therefore, the WPLSs (also known as Salamon–Weiss systems or abstract linear systems) were defined by requiring the system to be linear and time-invariant and A to be strongly continuous; in addition, one requires that

�_{A t Bt} C D � is causal and continuous X × L^2_{loc}(R_+; U) → X × L^2_{loc}(R_+; Y) for each t ≥ 0, or equivalently, that

‖x(t)‖^2_X +

�_t 0 ‖y(s)‖^2_Y ds ≤ K_t � ‖x_0‖^2_X +

�_t 0 ‖u(s)‖^2_U ds � (2.3)

6 Kalle M. Mikkola IEOT

A Bτ C D � x_0 � u Initial state Input (control)

State Output

� x x = A x_0 + Bτu � y y = C x_0 + Du

Figure 2. Input/state/output diagram of a WPLS

�_A C B D �

for all (equivalently, some) t > 0, where K_t depends on t only. An equivalent formulation, from [Sta98a], is given in Definition 2.1. There we use the natural extensions B (of B^tτ^{−t}) and D that allow the inputs to be defined on the whole real line, thus simplifying some formulae.

We use the notation L^2_ω = e^{ω·}L^2 = {f � � e−ω·f ∈ L2}, (τ tu)(s) := u(t + s) and

π_±u := χ_{R±} u, where χ_E (t) :=

�_{1, t ∈ E;}

0, t ∉ E . When E ⊂ R, we set πE u := χE u. We

identify L^2_ω(E; U) with functions in L^2_ω(R; U) that vanish outside E.

We study the following generalization of systems of type (2.2):

Definition 2.1 (WPLS and stability). Let ω ∈ R. An ω-stable well-posed linear system on (U, X, Y) is a quadruple Σ =

�_{A B} C D � , where A^t, B, C , and D are bounded linear operators of the following type:

1. A^· is a strongly continuous semigroup of bounded linear operators on X satisfying sup_{t≥0} ‖e^{−ωt}A^t‖_X < ∞;

2. B : L^2_ω(R; U) → X satisfies A^tBu = Bτ^tπ_−u for all u ∈ L^2_ω(R; U) and t ∈ R_+; 3. C : X → L^2_ω(R; Y) satisfies C A^tx = π_+τ^tC x for all x ∈ X and t ∈ R_+; 4. D : L^2_ω(R; U) → L^2_ω(R; Y) satisfies τ^tDu = Dτ^tu, π_+Dπ_−u = C Bu, and π_−Dπ_+u = 0 for all u ∈ L^2_ω(R; U) and t ∈ R. The different components of Σ =

�_{A B} C D � are named as follows: A is the semigroup, B the input map, C the output map, and D the I/O map (input/output map) of Σ.

We say that A (resp. B, C , D) is stable if 1. (resp. 2., 3., 4.) holds for ω = 0. Exponentially stable means ω-stable for some ω < 0. The system is output stable (resp. I/O-stable) if C (resp. D) is stable.

We set Σ^τ := [^{A Bτ}_{C D} ], B^t := Bτ^tπ_+ = Bτ^tπ_{[0,t)}, D^t := π_{[0,t)}Dπ_{[0,t)}.

For any x_0 ∈ X and u ∈ L^2_{loc}(R_+; U) we associate the state (trajectory) x := A x_0 + Bτu and output y := C x_0 + Du on R_+ (i.e., [^xy ] = Σ^τ [^{x0}u ]), as in (2.1) and Figure 2. (By causality, also D is defined for any u ∈ L^2_{loc}(R_+; U) through π_{[0,t)}Du = π_{[0,t)}Dπ_{[0,t)}u (t ≥ 0).)

From Definition 2.1 we easily obtain that B = Bπ_−, C = π_+C and π_+τ^ty = C x(t) + Dπ_+τ^tu (t ≥ 0). (2.4) Indeed, π_+τ^ty = π_+τ^tC x_0 + π_+D(π_− + π_+)τ^tu = C A^tx_0 + C Bτ^tu + Dπ_+τ^tu = C x(t) + Dπ_+τ^tu. This says that the output is “time-invariant”, i.e., “the remaining output (at time t) depends only on the current state and the remaining input”.

Vol. 99 (9999) State-feedback stabilization of WPLSs 7

The same holds for the state: π_+τ^tx = A x(t)+Bτπ_+τ^tu (t ≥ 0). Conversely, any linear system satisfying these two equations and (2.3) is a (restriction of a) WPLS.

By A we denote the infinitesimal generator of A . One can show that there exist B ∈ B(U, Dom(A^∗)^∗) and C ∈ B(Dom(A), Y) such that the middle formulas in (2.2) hold (for u ∈ L^2_ω and x_0 ∈ Dom(A)). Moreover, ẋ = Ax + Bu in Dom(A^∗)^∗.^1 An ω-stable WPLS is an ω^′-stable WPLS for any ω^′ > ω (we identify the unique extensions/restrictions of A , B, C and D for different ω).

Exponential stability of a system is equivalent to that of its semigroup, hence Datko’s Theorem [Dat70] leads to the following:

Lemma 2.2. The WPLS Σ = [^{A B}_{C D} ] is exponentially stable iff A x_0 ∈ L^2(R_+; X) for all x_0 ∈ X. □

Exponential stability implies that σ(A) ⊂ C^− := {z ∈ C � Re z < 0}. The converse holds if, e.g., A is bounded or analytic [Sta05].

Now it is the time to present our assumptions:

Standing Assumption 2.3. Throughout this article we assume that U, X and Y are complex Hilbert spaces, Σ = [^{A B}_{C D} ] is a WPLS on (U, X, Y), and J = J^∗ ∈ B(Y).

(The operator J will not be needed before Section 3.)

Let ω ∈ R. We define TIC_ω(U, Y) to be the (closed) subspace of operators D ∈ B(L^2_ω(R; U); L^2_ω(R; Y)) that are causal (i.e., π_−Dπ_+ = 0) and time-invariant (i.e. τ^tD = Dτ^t for all t ∈ R). The I/O maps of WPLSs are exactly all such operators (TIC_∞(U, Y) := ∪_{ω∈R}TIC_ω(U, Y)). The Laplace transform u → ^u is an isometric (modulo √ 2π) isomorphism of L^2_ω onto H^2_ω. By H^∞(Ω; X) we denote the Banach space of bounded holomorphic functions Ω → X with supremum norm. We set C^+_ω := {s ∈ C � � Re s > ω}.

For each D ∈ TIC_ω(U, Y), there exists a unique function ^D ∈ H^∞_ω (U, Y) := H^∞(C^+_ω ; B(U, Y)), called the transfer function of D, such that ^Du = ^Dû on C^+_ω for every u ∈ L^2_ω(R_+; U). The mapping D → D̂ is an isometric isomorphism of TIC_ω(U, Y) onto H^∞_ω (U, Y). If B is bounded, then D̂(s) = D + C(s − A)^{−1}B.

A function is called proper if it is bounded and holomorphic on some right half-plane. Thus, H^∞(U, Y) := ∪_{ω∈R}H^∞_ω (U, Y) is the set of all proper B(U, Y)-valued functions. (We identify functions that coincide on some right half-plane.)

By G we denote the group of invertible elements. Thus, e.g., GTIC_ω(U, Y) stands for {D ∈ TIC_ω(U, Y) � � D^{−1} ∈ TIC_ω(Y, U)}, i.e., it corresponds to GH^∞_ω , the

set of bounded holomorphic functions D̂ : C^+_ω → B(U, Y) for which D̂^{−1} exists and is (uniformly) bounded.

1This is based on the fact that A : Dom(A) → X extends to a continuous map X → Dom(A^∗)^∗ and generates a semigroup on Dom(A^∗)^∗. Similarly, A_{| Dom(A}2_) generates a semigroup on Dom(A), and all three semigroups are isomorphic. It also follows that (s − A)^{−1}B becomes well defined for s ∈ ρ(A_{|X}) = ρ(A_{| Dom(A)}). However, we only need these A’s for examples.

8 Kalle M. Mikkola IEOT

A Bτ C D F G Σ_{ext} Σ� � x_0 �x �y �z = F x0 + G u�

�^++ � u_⟲ � u=(I−G )^{−1}u⟲+(I−G )^{−1}F x0 � �

Figure 3. State-feedback connection for a general WPLS

Now we shall return to state feedback. When the input operator B is bounded, the generators

�_{A B} C D F 0 � and �_{A+BF B}

C+DF D F 0 � , determine the open-loop and closed-loop systems, respectively, corresponding to a state feedback operator F , as in Figure 1 and equations (1.3).

Thus, state feedback means adding an extra output to the system and feeding that output back to the input (like z(t) = F x(t) in Figure 1).

For a general WPLS, the definition is the same: a state feedback means a pair [ F G ] such that the extended system Σ_{ext} in Figure 3 is a WPLS.

The state feedback is called admissible if (I − Ĝ )^{−1} exists and is proper, or equivalently, if the map (I − G ) : u → u_⟲ has a bounded and causal inverse on L^2_ω for some ω ∈ R. This means that the (closed) state-feedback loop is well posed under external disturbance.

Thus, the definition of an admissible (or “well-posed” or “proper”) state feedback is as follows:

Definition 2.4 (Σ_⟲, [ F G ]). A pair [ F G ] is called an admissible state-feedback pair for Σ if the extended system

Σ_{ext} := � � � A B C D F G

� � � (2.5)

is a WPLS and I − G ∈ GTIC_∞(U).

We set M := (I − G )^{−1}, N := DM , and denote the corresponding closedloop system (see Figure 3) by

Σ^τ_⟲ = � � � A_⟲ B_⟲τ

C_⟲ D_⟲ F_⟲ G_⟲

� � � = � � � A + BτM F BM τ

C + DM F DM M F M − I

� � � (2.6)

= Σ^τ_{ext} � I 0 −F I − G

�_{−1}

= Σ^τ_{ext} � I 0 M F M � : � x_0 u_⟲ � → � � x y u − u_⟲

� � . (2.7)

Vol. 99 (9999) State-feedback stabilization of WPLSs 9

We call [ F G ] exponentially stabilizing if Σ_⟲ is exponentially stable. If there exists an exponentially stabilizing state-feedback pair for Σ, then Σ is called exponentially stabilizable (similarly for output-stabilizing or I/O-stabilizing).

(The system Σ_⟲ is necessarily a WPLS. Note that Σ_⟲ is output stable iff C_⟲ and F_⟲ map X into L^2.)

Any F ∈ B(X, U) determines an admissible state feedback (with F = F A , G = F Bτ), but so do also some unbounded operators. The above definition also allows for feedthrough terms (i.e., z(t) = F x(t) + Gu(t) or G = F Bτ + G, where G ∈ B(U)), but if F ∈ B(X, U), then admissibility is equivalent to I − G ∈ GB(U), and essentially the same feedback is obtained by using the state-feedback operator (I − G)^{−1}F with zero feedthrough (see Lemma A.5). However, in the case that F is unbounded, the feedthrough term G = lim_{s→+∞} Ĝ (s) need not exist [WW97, Example 11.5].

3. Optimal control and Riccati equations

In this section we shall present certain necessary and sufficient conditions in terms of Riccati equations for a control to be optimal. In Section 4, these conditions will be applied to establish the existence of a (1.10)-minimizing state feedback.

The cost (1.10) is finite iff u ∈ U(x_0), where

U(x_0) := {u ∈ L^2(R_+; U) � � y ∈ L^2(R_+; Y)}. (3.1)

We call this the set of admissible controls. Note that the output-FCC (1.5) holds iff U(x_0) ≠ ∅ for each x_0 ∈ X, hence the name finite cost condition.

The following is obvious (and given in [Zwa96]):

Lemma 3.1. The set U(0) is a subspace of L^2. If u ∈ U(x_0), then U(x_0) = u+U(0). □ A control u_{opt} is called J -minimizing for x_0 if J (x_0, u_{opt}) ≤ J (x_0, u) for every u ∈ U(x_0). It is well known (see [Zwa96, the proof of Theorem 6]) that under the output-FCC a (1.10)-minimizing control exists:

Lemma 3.2. Assume the output-FCC (1.5). Define J by (1.10).

Then there exists a unique J -minimizing control u^{x0}_{opt} for every x_0 ∈ X and a nonnegative operator P ∈ B(X) such that J (x_0, u^{x0}_{opt}) = ⟨x_0, Px_0⟩_X for every x_0 ∈ X. □

In Section 4 we shall show that the above minimizing control is given by admissible state feedback. For that purpose we need certain “integral” Riccati equation conditions for minimality, also over other cost functions than (1.10) (see Lemma 3.9). Therefore, we shall introduce a cost operator J = J^∗ ∈ B(Y) and the (generalized) cost function

J (x_0, u) := ⟨y, Jy⟩_L2 =

�_∞ 0 ⟨y(t), Jy(t)⟩_Y dt (x_0 ∈ X, u ∈ U(x_0)). (3.2)

10 Kalle M. Mikkola IEOT

As a by-product, our proofs and formulas actually apply in a much more general optimization setting (possibly indefinite, such as the “minimax H^∞ control” of [Sta98c] and [Mik02]). The explicit inclusion of u in (3.2) would not only reduce generality (see Lemma 3.4) but also lengthen numerous formulae below by half.

A control u ∈ U(x_0) is called J-optimal for x_0 (and Σ) if ⟨y, JDη⟩_L2 = 0 for each η ∈ U(0). (By [Mik02, Lemma 8.3.6], this corresponds to a zero of the Fréchet derivative of ⟨y, Jy⟩_L2 .)

When J = I, this orthogonality condition implies that y is of minimal norm. More generally:

Lemma 3.3. A control u minimizes J (x_0, ·) over U(x_0) iff u is J-optimal for x_0 and J (0, ·) ≥ 0.

Proof. The sufficiency follows from Lemma 3.1 and the fact that for any J-optimal u for x_0 we have

J (x_0, u + η) = J (x_0, u) + J (0, η) (η ∈ U(0)), (3.3) which follows from the identity ⟨y + Dη, J(y + Dη)⟩ = ⟨y, Jy⟩+ 0 + 0 +⟨Dη, JDη⟩.

If ⟨y, JDη⟩ ≠ 0 for some η ∈ U(0), then^d_{dα} J (x_0, u + αη) is nonzero at α = 0, hence J-optimality is also necessary. □

The cost (1.10) is a special case of (3.2):

Lemma 3.4. Set C̃ := [^C_0 ] , D̃ :=

�_D I � . Then Σ̃ := [^{A B}_{C̃ D̃} ] is a WPLS on (U, X, Y ×

U). Moreover, a control is I-optimal for Σ̃ iff it is (1.10)-minimizing. □

Indeed, Σ̃ has the output ỹ := C̃ x_0 + D̃u = [^y_u ], hence J_{Σ̃}(x_0, u) := ⟨ỹ, Iỹ⟩ = ‖y‖^2 + ‖u‖^2, so the optimality claim follows from Lemma 3.3 (applied to Σ̃ and I; note that U(x_0) is the same for both Σ and Σ̃). The WPLS claim is obvious.

Naturally, a minimal cost is unique (for any fixed x_0 ∈ X). In fact, the “Joptimal cost” is unique also for indefinite J:

Lemma 3.5. If u and v are J-optimal controls for x_0 ∈ X, then J (x_0, u) = J (x_0, v).

Proof. By Lemma 3.1, ũ := v − u ∈ U(0). But ⟨y + Dũ, JDη⟩ = 0 (η ∈ U(0)), hence ⟨Dũ, JDη⟩ = 0, also for η = ũ. This and (3.3) imply that J (x_0, u + ũ) = J (x_0, u). □

When using the “dynamic programming principle”, we need the following:

Lemma 3.6. Let x_0 ∈ X and u ∈ L^2_{loc}(R_+; U). Then u ∈ U(x_0) iff π_+τ^tu ∈ U(A^tx_0+ B^tu) for some (equivalently, all) t ≥ 0.

This says that u is admissible for some initial state x(0) = x_0 iff at some (hence any) moment t the remaining part of u is admissible for the current state x(t).

Proof. Obviously, u ∈ L^2 iff π_+τ^tu ∈ L^2. By (2.4), y ∈ L^2 iff C x(t)+Dπ_+τ^tu ∈ L^2, hence u ∈ U(x_0) iff π_+τ^tu ∈ U(x(t)). □

Vol. 99 (9999) State-feedback stabilization of WPLSs 11

The (“Riccati”) operator P in Lemma 3.2 is called the J-optimal cost operator:

Definition 3.7. We call P ∈ B(X) the J-optimal cost operator for Σ if, for each x_0 ∈ X, there exists at least one J-optimal control u with J (x_0, u) = ⟨x_0, Px_0⟩_X.

Obviously, then the output-FCC holds and P = P^∗. By Lemma 3.5, then J (x_0, u) = ⟨x_0, Px_0⟩_X for every x_0 and every J-optimal u, hence P is unique.

We call ω_A := inf_{t>0} � t^{−1} log ‖A^t‖ � the growth rate of A . By [Sal89, Lemma 2.1], the whole system Σ is ω-stable for any ω > ω_A.

Now we can derive certain necessary and/or sufficient conditions for P and for J-optimal controls. The conditions (3.5) and (3.8) below are integral versions of the standard algebraic Riccati equation (if, e.g., B or C is bounded, we can differentiate the integral equations to obtain the algebraic ones; see [Mik02, Sections 9.11&9.7]). The other, non-standard “Riccati” equations with parameter r ∈ R will be used later below to reduce the optimization of Σ to optimization of another, stable system. The convergence conditions (3.7) and (3.9) can be used to distinguish the “stabilizing solution” of the Riccati equation from other solutions [Mik02]. Lemma 3.8 (Riccati equations). Assume that the J-optimal cost operator P exists. Let x_0, x_1 ∈ X and r ∈ R. Let u ∈ U(x_0) be arbitrary and recall that x := A x_0 + Bτu, y := C x_0 + Du.

(a): If u_k is a J-optimal control for x_k (k = 0, 1), then ⟨C x_1 + Du_1, J(C x_0 + Du_0)⟩_L2 = ⟨x_1, Px_0⟩_X. (3.4) (b): If u is a J-optimal control for x_0, then π_+τ^tu is J-optimal for x(t) and (3.5)–(3.11) hold.

⟨x_0, Px_0⟩_X = ⟨y, π_{[0,t)}Jy⟩_{L2} + ⟨x(t), Px(t)⟩_X ∀t ≥ 0. (3.5) ⟨y, Jy⟩_L2 = ⟨[^y_x ] , [^{J 0}_{0 2rP} ] [^y_x ]⟩_{L2r} if 0 ≤ r > ω_A. (3.6)

⟨x(t), Px(t)⟩_X^{t→+∞}→ 0. (3.7) (c): The control u ∈ U(x_0) is J-optimal for x_0 iff (3.8) and (3.9) hold.

⟨x(t), PB^t η⟩_X = −⟨y, JD^tη⟩_L2 ∀t ≥ 0, η ∈ L^2_{loc}(R_+; U), (3.8) ⟨x(t), PB^t η⟩_X^{t→+∞}−→ 0 ∀η ∈ U(0). (3.9) (d): We have (3.8)⇔(3.10).

−e^{−2rt}⟨x(t), PB^tη⟩_X = ⟨y, π_{[0,t)}JDη⟩_{L2r} + 2r⟨x, π_{[0,t)}PBτη⟩_{L2r} ∀t ≥ 0, η ∈ L^2_{loc}(R_+; U).

(3.10)

(e): We have (3.5)⇔(3.11).

⟨y, π_{[0,t)}Jy⟩_{L2} + ⟨x(t), Px(t)⟩_X

= ⟨[^y_x ] , π_{[0,t)} [^{J 0}_{0 2rP} ] [^y_x ]⟩_{L2r} + e^{−2rt}⟨x(t), Px(t)⟩_X ∀t ≥ 0.

(3.11)

12 Kalle M. Mikkola IEOT

Before the proof, we give here some kind of intuitive explanations for the above “Riccati” equations. Part (a) says that ⟨y_1, Jy_0⟩ = ⟨x_1, Px_0⟩. If J = I, then equation (3.5) says that the minimal cost ⟨x_0, Px_0⟩_X equals the “cost until now” �_t 0 ‖y(t)‖^2_Y dt plus the minimal cost over the remaining time interval [t, ∞). The latter cost equals the minimal cost ⟨x(t), Px(t)⟩_X with initial state x(t). This is often called the principle of dynamic programming (or the principle of optimization). By (3.5), it also applies to the indefinite case (to general J = J^∗ ∈ B(Y)).

Similarly, (3.7) says that while

�_t 0 ‖y(t)‖^2_Y dt converges to the minimal cost �_∞ 0 ‖y(t)‖^2_Y dt, the remaining cost ⟨x(t), Px(t)⟩_X converges to zero.

One could derive from (3.5) and (3.8) that ⟨x_0, Px̃_0⟩_X = ⟨x(t), Px̃(t)⟩_X + ⟨y, π_{[0,t)}Jỹ⟩_{L2} when u is J-optimal for x_0 and ũ ∈ U(x̃_0) (and x̃ := A x̃_0 + Bτũ, ỹ := C x̃_0 + Dũ); this is an “indefinite form” of (3.5). Equation (3.8) is the special case of this with x̃_0 = 0, ũ = η. Similarly, (3.9) says that ⟨x(t), Px̃(t)⟩_X → 0; it is equivalent to the orthogonality condition ⟨y, JDη⟩_L2 = 0 (under (3.8)).

Equation (3.11) follows from (3.5) by partial integration (through (3.19)); the proof of (d) is analogous. Equations (3.10) and (3.11) are actually exactly the equations (3.8) and (3.5) for the system Σ_+ (and J_P ) introduced in Lemma 3.9 below; see its proof.

Proof of Lemma 3.8: (a) To obtain (a), expand the equality ⟨y_1 + y_0, J(y_1 + y_0)⟩ = ⟨x_1 + x_0, P(x_1 + x_0)⟩, where y_k := C x_k + Du_k (k = 0, 1), and then replace x_0 by ix_0.

(b) 1^∘ Let η ∈ U(0). Then τ^{−t}η ∈ U(0), by Lemma 3.6, hence

0 = ⟨Jy, Dτ^{−t}η⟩ = ⟨Jy, π_+τ^{−t}Dη⟩. (3.12)

Since π_{[t,∞)} = π_+ − π_{[0,t)}, it follows that

⟨Jπ_+τ^ty, Dη⟩ = ⟨Jy, τ^{−t}π_+Dη⟩ = ⟨Jy, π_{[t,∞)}τ^{−t}Dη⟩ = −⟨Jy, π_{[0,t)}τ^{−t}Dη⟩ = 0, (3.13) because π_{[0,t)}τ^{−t}Dη = τ^{−t}π_{[−t,0)}Dη = 0 (since π_−Dπ_+ = 0). By (2.4), equation (3.13) says that π_+τ^tu is J-optimal for x(t), hence

⟨x(t), Px(t)⟩_X = J (x(t), π_+τ^tu) = ⟨π_+τ^ty, Jπ_+τ^ty⟩ = ⟨y, π_{[t,∞)}Jy⟩ (3.14)

(use Definition 3.7). This proves (3.7) and (3.5)

2^∘ Claims (3.8)–(3.11) follow from (c), (d) and (e) (whose proofs only use 1^∘). Let t → +∞ in (3.11) to obtain (3.6) (case r = 0 is trivial; for r > 0 we can use the fact that e^{−r·}x → 0, because Σ is r − ϵ stable and e^{−rt}‖τ^tu‖_L2_{r−ϵ} = e^{−ϵt}‖u‖_L2_{r−ϵ} → 0).

(c) By letting t → +∞ in (3.8) for any η ∈ U(0), we get 0 = −⟨y, JDη⟩, hence “if” holds. Assume then that u is J-optimal. Given η ∈ L^2((0, t); U), extend it by setting η̃ := π_{[0,t)}η + τ^{−t}ũ_{opt} for some J-optimal ũ_{opt} for B^tη. By Lemma 3.6, η̃ ∈ U(0). By (2.4), π_+τ^tDη̃ = C B^tη + D^tũ_{opt} =: ỹ_{opt}; by (b), π_+τ^tu is J-optimal

Vol. 99 (9999) State-feedback stabilization of WPLSs 13

for x(t). Therefore, 0 = ⟨Jy, Dη̃⟩ = ⟨(π_{[0,t)} + τ^{−t}τ^tπ_{[t,∞)})Jy, Dη̃⟩ (3.15) = ⟨π_{[0,t)}Jy, Dη̃⟩ + ⟨Jπ_+τ^ty, Dτ^tη̃⟩ (3.16) = ⟨y, JD^tη̃⟩ + ⟨C x(t) + Dπ_+τ^tu, Jỹ_{opt}⟩ (3.17) = ⟨y, JD^tη⟩ + ⟨x(t), PB^tη⟩, (3.18) where the last equality is from (a). Thus, (3.8) holds (for any η ∈ L^2([0, t); U), hence for any η ∈ L^2_{loc}(R_+; U), because (3.8) depends on η_{|[0,t)} only).

Let t → +∞ to obtain (3.9) (because ⟨y, JDη⟩ = 0).

(d) The proof is analogous to that of (e) (but simpler) and hence omitted. (e) If (3.5) holds, then ⟨x, Px⟩_X = ⟨x_0, Px_0⟩_X +

�_t 0 ⟨y, Jy⟩_Y(t) dt, hence then ⟨x, Px⟩_X ∈ AC_{loc} & ⟨x, Px⟩^′_X(t) = −⟨y(t), Jy(t)⟩_Y for a.e. t ≥ 0. (3.19) (Here AC_{loc} stands for locally absolutely continuous functions.) Conversely, if (3.19) holds, so does (3.5) too, because its both sides are equal for t = 0.

Similarly, if (3.11) holds, then the facts that (1 − e^{−2rt})⟨x, Px⟩_X(t) = ⟨[^y_x ] , π_{[0,t)} [^{J 0}_{0 2rP} ] [^y_x ]⟩_{L2r} − ⟨y, π_{[0,t)}Jy⟩_{L2} =: f(t) (3.20) and f ∈ AC_{loc} imply that

⟨x, Px⟩_X ∈ AC_{loc} and ⟨x, Px⟩^′_X(t) + 2re^{−2rt}⟨x, Px⟩_X(t) = f^′(t) a.e. (3.21) (on (0, ∞), hence on [0, ∞), because x is continuous (hence ⟨x, Px⟩_X too) and f^′ − 2re^{−2r·}⟨x, Px⟩_X ∈ L^1([0, ∞))). Conversely, if (3.19) holds, then the derivatives of both sides of (3.11) are equal a.e. □ The optimal control problem has already been solved for stable systems.

Therefore, we want to replace A by A−α to make the system exponentially stable. To retain the same J-optimal cost operator P, we must add the cost 2r⟨x, Px⟩_L2 : Lemma 3.9. Let α ∈ C be such that 0 ≤ r := Re α > ω_A. Then the system

Σ_+ := � A_+ B_+ C_+ D_+ � := � � � e^{−α·}A Be^{α·} e^{−α·}C e^{−α·}De^{α·} e^{−α·}A e^{−α·}Bτe^{α·}

� � � , (3.22)

is an exponentially stable WPLS on (U, X, Y × X).

Assume that P is the J-optimal cost operator for Σ and J. Then P is the J_P - optimal cost operator for Σ_+, where J_P := [^{J 0}_{0 2rP} ], and if x_0 ∈ X and u ∈ U(x_0) is J-optimal, then e^{−α·}u is J_P -optimal for Σ_+.

Proof. The first claim is from [Sta05, Example 2.3.5] or [Mik02, Remark 6.1.9]. Assume that x_0 ∈ X and that u is a J-optimal control. Set u_+ := e^{−α·}u. We have e^{α·}τ^T u = e^{α·}u(· + T ) = e^{−αT} e^{α(·+T )}u(· + T ) = e^{−αT} τ^T (e^{α·}u), (3.23)

14 Kalle M. Mikkola IEOT

hence B_+τ^T u = e^{−αT} Bτ^T e^{α·}u, i.e., B_+τ = e^{−α·}Bτe^{α·}. Consequently,

x_+ := A_+x_0 + B_+τu_+ = e^{−α·}x and y_+ := C_+x_0 + D_+u_+ = e^{−α·} [^y_x ] . (3.24)

Therefore, (3.10) equals (3.8) with Σ_+ in place of Σ and J_P in place of J (and e^{−α·}η in place of η). By (c1) and (c2), it follows that u_+ is J_P -optimal for x_0 and Σ_+.

By (3.24), we have ⟨y_+, J_P y_+⟩_L2 = ⟨y, Jy⟩_L2_r +⟨x, 2rPx⟩_L2_r . But, by (3.6), this equals ⟨y, Jy⟩_L2 = ⟨x_0, Px_0⟩_X. Since x_0 was arbitrary and u_+ was J_P -optimal, the operator P is the J_P -optimal cost operator for Σ_+. □

4. Minimizing state feedback

In this section we deduce certain properties of minimizing state feedback.

An admissible state-feedback pair [ F G ] for Σ is called J-optimal (resp. J - minimizing) if for any x_0 ∈ X the control F_⟲x_0 is J-optimal (resp. J -minimizing) for x_0.

Now we can establish our main result:

Lemma 4.1. If the output-FCC (1.5) holds, then there exists a (1.10)-minimizing state-feedback pair [ F G ] for Σ. The pair is unique modulo (A.6).

Proof. By Lemmata 3.2 and 3.4, there exists an I-optimal cost operator P for Σ̃. Fix some α as in Lemma 3.9; then P is J_P -optimal for Σ̃_+ (which is defined by (3.22) with Σ̃ in place of Σ).

The output of Σ̃_+ contains a copy of the input (because � 0 I � e^{−α·}D̃e^{α·} = I).

Therefore, the system is “J_P -coercive” in terms of [Sta98d]. Consequently, [Sta98d, Lemma 2.5 & Theorem 2.6(i)] imply that there exists a J_P -optimal state-feedback pair [ F+ G+ ] for Σ̃_+ and that the J_P -optimal control for Σ̃_+ is unique for every x_0 ∈ X.

It easily follows that [ F G ] is an admissible state-feedback pair for Σ̃ (hence for Σ too), where F := e^{·α}F_+, G := e^{·α}G_+e^{−·α}, F_⟲ = e^{·α}F_{+⟲} and F_{+⟲} := (I − G_+)^{−1}F_+ [Mik02, Remark 6.1.9].

By uniqueness and Lemma 3.9, the control F_⟲x_0 = e^{−α·}F_{+⟲}x_0 must equal u^{x0}_{opt} for any x_0 ∈ X, hence [ F G ] is I-optimal for Σ̃, i.e., (1.10)-minimizing for Σ, and F_⟲ is unique.

Since F_⟲ is unique, the pair [ F G ] is unique modulo (A.6), by Lemma A.5. □ We could deduce Theorems 1.2 and 1.1 from Lemma 4.1 (and the fact that F_⟲x_0 ∈ U(x_0)), but to avoid unnecessary details, we first establish one more useful Riccati equation, which we anyway need for Theorem 1.3.

To any J-optimal state-feedback pair corresponds a unique signature operator S:

Vol. 99 (9999) State-feedback stabilization of WPLSs 15

Lemma 4.2. Let [ F G ] be a J-optimal state-feedback pair for Σ. Then C_⟲ and F_⟲ are stable, P = C^∗_⟲JC_⟲ is the J-optimal cost operator and there exists S = S^∗ ∈ B(U) such that for each t ≥ 0 we have

π_{[0,t)}S = N^{t∗}JN^t + B^t_⟲^∗PB^t_⟲. (4.1)

If J = I, then P, S ≥ 0, N is stable, N^∗C_⟲ = 0 and N^∗N = S.

Recall from (2.6) that M := (I − G )^{−1} = G_⟲ + I and N := DM = D_⟲. Note that we identify S ∈ B(U) with the multiplication operator u → Su.

Proof. 1^∘ For u = F_⟲x_0 we have y = C x_0 + Du = C_⟲x_0 and for any x_0 ∈ X. But F_⟲x_0 ∈ U(x_0), hence u, y ∈ L^2. Since x_0 ∈ X was arbitrary, the maps C_⟲ and F_⟲ are stable, by Lemma A.1. But J (x_0, u) = ⟨y, Jy⟩_L2 = ⟨x_0, C^∗_⟲JC_⟲x_0⟩_X, for every x_0 ∈ X, hence P = C^∗_⟲JC_⟲.

By Lemma A.2 (with Σ_⟲ in place of Σ), we have

�_D I � M [L^2_c ] =

�_N M � [L^2_c ] ⊂ L^2, hence M [L^2_c (R_+; U)] ⊂ U(0). Consequently, J-optimality implies that

⟨N η_⟲, JC_⟲x_0⟩_L2 = ⟨DM η_⟲, JC_⟲x_0⟩_L2 = 0 for every η_⟲ ∈ L^2_c (R_+; U). (4.2)

By 4. of Definition 2.1, ⟨N π_+v, JN π_−u⟩ = ⟨N π_+v, JC_⟲B_⟲u⟩ = 0 for all u, v ∈ L^2_c . By Lemma A.4, it follows that there exists a unique S = S^∗ ∈ B(U) such that ⟨N v, JN u⟩ = ⟨v, Su⟩ (u, v ∈ L^2_c ). This implies that

π_{[0,t)}N^∗(π_+)JN π_{[0,t)} = π_{[0,t)}S (t ≥ 0) (4.3)

(where π_+ is redundant). From the identities P = C^∗_⟲JC_⟲ and

π_{[t,∞)}N π_{[0,t)} = π_{[t,∞)}τ^{−t}N τ^tπ_{[0,t)} = τ^{−t}π_+N (π_−)τ^tπ_{[0,t)} = τ^{−t}C_⟲B_⟲τ^tπ_{[0,t)} (4.4)

it follows that

B^t_⟲^∗PB^t_⟲ = (π_{[t,∞)}N π_{[0,t)})^∗Jπ_{[t,∞)}N π_{[0,t)} = π_{[0,t)}N^∗(π_+ − π_{[0,t)})JN π_{[0,t)}. (4.5) Combine this with (4.3) to observe that (4.1) holds for any t ≥ 0.

2^∘ Assume that J = I. Then P, S ≥ 0, by (4.3) and the fact that P = C^∗_⟲C_⟲. From (4.3) we observe that ‖N π_{[0,t)}u‖^2 = ‖S^{1/2}π_{[0,t)}u‖^2 (u ∈ L^2). Letting t → +∞, we observe that ‖N u‖^2 = ‖S^{1/2}u‖^2 < ∞ (u ∈ L^2), by the Monotone Convergence Theorem, i.e., N^∗N = S. From (4.2) we get that N^∗JC_⟲ = 0. □

In the case J = I (or J ≥ ϵI), we obtain from y = C_⟲x_0 + N u_⟲ and the above that J = ⟨y, Jy⟩_L2 = ⟨x_0, Px_0⟩_X + ⟨u_⟲, Su_⟲⟩_L2 . (4.6) Thus, the J-optimal cost is then particularly robust with respect to any external disturbance u_⟲ ∈ L^2(R_+; U) in the state-feedback loop.

Given a nonnegative cost function (e.g., J ≥ 0), the minimal cost ⟨x(t), Px(t)⟩ vanishes to zero, for any admissible u:

16 Kalle M. Mikkola IEOT

Lemma 4.3. Let [ F G ] be a J-optimal state-feedback pair for Σ and assume that J (·, ·) ≥ 0. Then ⟨B^tu, PB^tu⟩_X → 0, as t → +∞, for each u ∈ U(0).

If S ≥ ϵI, ϵ > 0, then M^{−1}[U(0)] ⊂ L^2(R_+; U).

Proof. From Lemma 3.3 we observe that u := F_⟲x_0 minimizes J (x_0, ·). The minimal cost ⟨x_0, Px_0⟩_X is nonnegative, i.e., P ≥ 0.

Given u ∈ U(0) and t ≥ 0, set x_t := B^tu, ũ := π_+τ^tu ∈ U(x_t) (Lemma 3.6). Since π_+τ^t = τ^tπ_{[t,∞)}, we get from (2.4) that

⟨C x_t + Dũ, JC x_t + Dũ⟩ = ⟨π_+τ^tDu, Jπ_+τ^tDu⟩ = ⟨π_{[t,∞)}Du, Jπ_{[t,∞)}Du⟩. (4.7)

But ⟨x_t, Px_t⟩_X is the minimum of ⟨C x_t + Dũ, JC x_t + Dũ⟩ over ũ ∈ U(x_t). By (4.7), this implies that ⟨x_t, Px_t⟩_X ≤ ⟨Du, π_{[t,∞)}JDu⟩. But ⟨Du, π_{[t,∞)}JDu⟩ → 0, as t → +∞, hence ⟨x_t, Px_t⟩_X → 0, as claimed.

Set now v := M^{−1}u to obtain from (4.1) and (2.6) that

⟨v, Sπ_{[0,t)}v⟩_{L2} = ⟨D^tu, JD^tu⟩_L2 + ⟨B^tu, PB^tu⟩_X, (4.8)

hence lim_{t→+∞} ⟨v, Sπ_{[0,t)}v⟩_{L2} = ⟨Du, JDu⟩ = J (0, u). If S ≥ ϵI, ϵ > 0, then this implies that v ∈ L^2. □

Maps M ∈ TIC_0(U) and N ∈ TIC_0(U, Y) are called quasi–right coprime if

u ∈ L^2 ⇔ � N M � u ∈ L^2 for every u ∈ L^2_ω(R_+; U) and ω ∈ R (4.9)

(this actually holds for every u ∈ L^2_{loc}(R_+; U) when, in addition, M ∈ GTIC_∞; see [Mik02] for details).

By Lemma 4.2, the (1.10)-minimizing state-feedback pair is output-stabilizing for Σ. Now we show that also N and M become stable and quasi–right coprime:

Lemma 4.4. Assume the output-FCC (1.5). Then any (1.10)-minimizing statefeedback pair [ F G ] is output- and I/O-stabilizing, N and M are quasi–right coprime, and S := N^∗N + M^∗M ∈ GB(U). Moreover, [ F G ] can be chosen so that S = I and M is an isometric isomorphism of L^2(R_+; U) onto U(0), where ‖u‖^2_{U(0)} := ‖u‖^2 + ‖Du‖^2.

The last property of the lemma can be used to reduce unstable problems to the stable case by preliminary state feedback [Mik05b].

Proof. 1^∘ Set Ñ := D̃M , where M := (I − G )^{−1}. By Lemma 4.2 (applied to Σ̃ and I), we have ~P ≥ 0, Ñ ∈ TIC_0, S̃ := Ñ^∗Ñ ∈ B(U). But

Ñ := D̃M = � D I � M = � N M � , (4.10)

hence N , M ∈ TIC_0 (i.e., [ F G ] is I/O-stabilizing for Σ) and S̃ = N^∗N + M^∗M =: S. Fix some t > 0. By (4.1), π_{[0,t)}S ≥ (Ñ^t)^∗Ñ^t ≥ M^{t∗}M^t. But

π_{[0,t)}M^{−1}π_{[0,t)}M π_{[0,t)} = π_{[0,t)} (4.11)

Vol. 99 (9999) State-feedback stabilization of WPLSs 17

(because π_−M^{−1}π_+ = 0 implies that π_{[0,t)}M^{−1}π_{[t,∞)} = 0), hence M^{t∗}M^t ≥ ϵπ_{[0,t)} for some ϵ > 0. From Sπ_{[0,t)} ≥ ϵπ_{[0,t)} we conclude that S ≥ ϵI. By Lemma A.5 (set Q := S^{1/2}), we can redefine [ F G ] so that it is remains J-optimal (and output- and I/O-stabilizing, by (2.6)) but N^∗N + M^∗M = S^{−1/2}SS^{−1/2} = I.

2^∘ Consequently, [^D_I ] M u = [^N_M ] u has the norm ‖u‖_2, for any u ∈ L^2(R; U). In particular, M maps L^2(R_+; U) → U(0), isometrically. By Lemma 4.3, M is onto.

3^∘ If u ∈ L^2_ω(R_+; U), ω ∈ R and L^2 ∋ [^N_M ] u = [^D_I ] M u, then M u ∈ U(0), hence u ∈ L^2(R_+; U), by Lemma 4.3. Thus, N and M are quasi–right coprime (hence so are the original ones, N Q and M Q). □

5. Main results

In this section we shall present direct generalizations of Theorems 1.1, 1.2 and 1.3 and Corollary 1.4 to arbitrary WPLSs.

From Lemmata 4.1 and 4.4 we obtain the following generalization of Theorem 1.3:

Corollary 5.1. If the output-FCC holds, then there exists an output- and I/Ostabilizing state-feedback pair for which N and M are quasi–right coprime and N^∗N + M^∗M = I. □

(The latter condition is usually expressed by calling [^{N̂}_{M̂} ] inner or normalized.) This generalizes also Corollary 1.4:

Corollary 5.2. Any function having an output-stabilizable realization has a quasi– right-coprime factorization. □

This means that then D̂ = N̂ M̂^{−1}, where N and M are quasi–right coprime and M^{−1} is proper. [Mik02]

From Corollary 5.1 we also get the generalization of Theorem 1.2:

Corollary 5.3. The output-FCC (1.5) holds iff the system is output-stabilizable. □

Indeed, the necessity of (1.5) is obvious, as noted in the introduction. By setting above C = I and D = 0, we get the generalization of Theorem 1.1:

Corollary 5.4. The state-FCC (1.4) holds iff the system is exponentially stabilizable. □

Proof. “If” is again obvious, so assume that Σ satisfies the state-FCC (1.4), or equivalently, that Σ̃ := [^{A B}_{A Bτ} ] does. If [ F G ] is an output-stabilizing statefeedback pair for Σ̃ with closed-loop system Σ̃_⟲, then [ F G ] is admissible for Σ too and C̃_⟲ = A + BτF_⟲ = Ã_⟲ = A_⟲. But the stability of C̃_⟲ means that C̃_⟲x_0 ∈ L2(R_+; X) for all x_0 ∈ X, hence Σ_⟲ is exponentially stable, by Lemma 2.2 (since A_⟲ = C̃_⟲). □

18 Kalle M. Mikkola IEOT

A trivial consequence of Corollary 5.4 is that a system is estimatable iff it is exponentially detectable (these are the dual properties of optimizability and exponential detectability; see [WR01], [Sta98a] or [Mik02] for details).

6. Notes

The Linear Quadratic Regulator (LQR) problem amounts to the minimization of (1.10) by state feedback. It has been used both for optimizing certain systems and for finding a stabilizing state feedback.

We have shown above that the minimizing control is given by an admissible state feedback and then used this result to establish for general WPLSs the results mentioned in the introduction. We discuss below some earlier results in the same direction and some future extensions of our results, including constructive formulas for the J-optimal cost operator P and the state feedback.

The classical state-feedback solution of the LQR problem can easily be extended to infinite-dimensional systems having bounded B and C, as shown in [CZ95], which also contains further historical remarks on the problem (p. 333).

A solution of the LQR problem for WPLSs (without admissible state feedback) was given in [Zwa96], which more or less contains Lemmata 3.1, 3.2 and 3.6. Zwart applied directly the orthogonality of the optimal control. Similar results for stable WPLSs with the general cost function (3.2) were given in [Sta98b], which uses Fréchet derivatives. In [Sta98b] it was also shown that the optimal control can be given by state feedback if the Popov function has a spectral factorization.

Lemmata 3.3 and 3.5 are from [Mik02] and Lemmata 3.8 and 3.9 seem to be new, as well as the results of Section 4 except that the normalization N^∗N + M^∗M = I is a well-known consequence of spectral factorization. The results of Appendix A are from [Mik02].

Some kind of integral Riccati equations have been used for decades (see, e.g., [CP78]) and for stable or jointly stabilizable and detectable WPLSs certain special cases of (3.5) and (3.8) were given in [Sta98d] (including (4.1) and (4.6)) and extended to arbitrary WPLSs in [Mik02], where also the converse implication was shown: if a (stabilizing) solution to the Riccati equations exists, then the corresponding state-feedback pair produces the (J-)optimal control. In [Mik05a] a generalization of those results shall be presented, including necessary and sufficient “Integral Riccati equation” conditions for optimal control or state feedback, in both time-domain and frequency-domain terms.

In practical applications, the transfer function D̂ has a (weak) limit D := lim_{s→+∞} D̂(s) at infinity along the positive real axis. Such systems are called (weakly) regular, and for them the algebraic Riccati equation (ARE) can be defined and shown to be equivalent to the integral one (provided that also F̂ (+∞) exists; moreover, the left-hand-side of (1.9) must be modified if B is highly unbounded). In the (regular) WPLS setting, the necessity of the AREs was first established in

Vol. 99 (9999) State-feedback stabilization of WPLSs 19

[Sta97] and [WW97], independently (in the stable case; the sufficiency and general case in [Mik02]).

However, the unboundedness of B and C makes the AREs rather complicated. Therefore, the reciprocal AREs were introduced in [Cur03]. They are non-standard AREs but can be shown equivalent to the original ones and they use bounded coefficients only, so they allow one to reduce several proofs and equations to a simple special case. See [OC04] for the reciprocal ARE corresponding to (1.10). By the proof of Corollary 5.1, their AREs define an admissible state feedback pair (and that pair is output- and I/O-stabilizing and makes N and M quasi–right coprime) iff a solution exists. Their method requires that iR∩ρ(A) is nonempty, but that can be circumvented by using the proof Lemma 3.9 to obtain the reciprocal AREs for Σ_+. We shall provide the details in [Mik05c], where also the general cost function (3.2) will be considered. In fact, the analysis of the optimal control problem corresponding to such AREs was what lead to the methods of Lemmata 3.8 and 3.9.

We have above studied the set U of L^2 inputs that make the output L^2. Another common choice of the domain of optimization is U_{exp}, the set of L^2 inputs that make the state L^2. (By [WR01], U_{exp}(x_0) ⊂ U(x_0) for every x_0 ∈ X.) That means that one wants to minimize the cost over this smaller set of inputs, so that the minimum may become strictly bigger. In the finite-dimensional setting, U_{exp} is almost exclusively used. However, our methods apply also to that setting and even to more general settings, such as the set of strongly stabilizing controls, studied in, e.g., [Oos00]. This generalized framework was presented in [Mik02] and will be extended in [Mik05a], covering also indefinite problems.

In Lemma 4.1 we showed that certain admissible (or well-posed) state feedback minimizes the cost (1.10) over U. In [Mik05b] we shall show that this applies to any cost function of form (3.2) as long as the generalized Popov Toeplitz operator is uniformly positive (or equivalently, J (0, u) ≥ ϵ(‖y‖^2 + ‖u‖^2)) and also give the analogous result for minimization over U_{exp}. The sufficiency is well known for stable systems [WW97] [Sta97] (for the U case), where an equivalent condition is that the Popov function D̂^∗JD̂ is uniformly positive (or D̂^∗JD̂ ≥ ϵI a.e. on the imaginary axis in the separable case).

To some extent the properties of and differences between coprimeness and quasi-coprimeness were explored in [Mik02]. We shall present further details and results in later articles. We shall also show that quasi-coprime factorization can be applied to establish several new results on dynamic stabilization.

Appendix A. Miscellaneous results

The following is a well-known, simple consequence of the Closed-Graph Theorem:

Lemma A.1. Assume that X_1, X_2 and X_3 are Banach spaces and X_2 ⊂ X_3 continuously.

If T ∈ B(X_1, X_3) and T [X_1] ⊂ X_2, then T ∈ B(X_1, X_2). □

20 Kalle M. Mikkola IEOT

By L^2_c we denote the functions u ∈ L^2 with compact support. Recall from Definition 2.1 that C is stable iff C [X] ⊂ L^2 (by Lemma A.1). It follows that D is “almost stable”:

Lemma A.2. If C is stable, then D[L^2_c ] ⊂ L^2.

Proof. Let u ∈ L^2_c (R; U) and T > 0 be such that π_+τ^T u = 0. Then Du = τ^{−T} Dτ^T u = τ^{−T} C Bτ^T u ∈ L^2. □

It is a well-known consequence of the Liouville Theorem that if a (causal) map E ∈ TIC_0(U, Y) is also “anti-causal” (π_+E π_− = 0), then E ∈ B(U), i.e., then there exists E ∈ B(U) such that (E u)(t) = Eu(t) a.e. for every u ∈ L^2(R; U). We need the following generalization of this result:

Lemma A.3. If M ∈ GTIC_∞, E ∈ TIC_∞ and π_+M π_+E π_− = 0, then E ∈ B.

Proof. 1^∘ Case M = I: Case E ∈ TIC_0 is [Sta97, Lemma 6]. For general E ∈ TIC_ω, we can replace E by e^{−ω·}E e^{ω·} ∈ TIC_0.

2^∘ General case: Now π_+E π_− = π_+M^{−1}(π_+)M π_+E π_− = 0 (use the fact that π_+M π_+ = M π_+, because π_+M π_− = 0), hence E ∈ B, by 1^∘. □

Consequently, when E ∈ TIC_0 and E = E^∗, we have E ∈ B (because π_+E π_− = (π_−E^∗π_+)^∗ = 0). However, we also need a similar result for unstable maps (of form “D^∗JD”) in place of E :

Lemma A.4 (“D^∗JD = S”). Let D ∈ TIC_∞(U, Y) and J = J^∗ ∈ B(Y). Assume that Du ∈ L^2 and ⟨Dπ_+v, JDπ_−u⟩ = 0 for all u, v ∈ L^2_c . Then there exists a unique S = S^∗ ∈ B(U) such that ⟨Dv, JDu⟩ = ⟨v, Su⟩ for all u, v ∈ L^2_c . □

In the proof below we show that the operators S_t := (Dπ_{[−t,t)})^∗JDπ_{[−t,t)} ∈ B(L^2([−t, t); U)) are restrictions of S_T (T ≥ t ≥ 0) and can be extended to a static operator S.

Proof. In the sequel we shall use the fact that if u ∈ L^2_{loc} and ⟨v, u⟩ = 0 for all v ∈ L^2_c then u = 0 (a.e.). This fact also implies that S is unique.

Let s, t ∈ R. Replace u by τ^tu to obtain that ⟨Dπ_{[t,∞)}v, JDπ_{(−∞,t)}u⟩ = 0 for all u, v ∈ L^2_c (use the facts that π_−τ^t = τ^tπ_{(−∞,t)}, (τ^t)^∗ = τ^{−t} and τ^{−t}π_+ = π_{[t,∞)}τ^{−t}). Because J = J^∗, we have ⟨Dπ_{(−∞,s)}v, JDπ_{[s,∞)}u⟩ = 0 for all u, v ∈ L^2_c , hence

⟨Dv, JDπ_{[s,t)}u⟩ = ⟨Dπ_{[s,t)}v, JDπ_{[s,t)}u⟩ (u, v ∈ L^2_c , −∞ ≤ s ≤ t ≤ +∞). (A.1)

We have Dπ_{[−t,t)} ∈ B(L^2([−t, t); U), L^2(R; U)), by the assumption and Lemma A.1. Set S_t := (Dπ_{[−t,t)})^∗JDπ_{[−t,t)} ∈ B(L^2([−t, t); U)) (t > 0). (A.2) Then ⟨v, S_tu⟩ = ⟨Dv, JDu⟩ for u, v ∈ π_{[−t,t)}L^2, hence for u ∈ π_{[−t,t)}L^2 and v ∈ L^2_c , by (A.1). Consequently, for any u ∈ π_{[−t,t)}L^2 and any T > t > 0, we have S_T u = S_tu ∈ π_{[−t,t)}L^2. Therefore, we can define S u := S_tu for any t > 0 and u ∈ L^2([−t, t); U).

Vol. 99 (9999) State-feedback stabilization of WPLSs 21

It follows that S : L^2_c → L^2_c , S_T = S π_{[−T,T )} = π_{[−T,T )}S , and τS = S τ (by (A.1)). Therefore,

‖S u‖^2 = � n∈2Z

‖π_{[n−1,n+1)}S u‖^2 = � n∈2Z

‖τ^{−n}π_{[−1,1)}τ^nS u‖^2 (A.3) = � n∈2Z

‖τ^{−n}S π_{[−1,1)}τ^nu‖^2 = � n∈2Z

‖S π_{[−1,1)}τ^nu‖^2 (A.4)

≤ ‖S_1‖_{B(L}2_)‖ � n∈2Z

‖π_{[−1,1)}τ^nu‖^2 = ‖S_1‖_{B(L}2_)‖u‖^2 (A.5)

for u ∈ L^2_c . Consequently, S can be extended to a B(L^2) map that satisfies S τ = τS . From (A.1) it follows that π_+S π_− = 0 = π_−S π_+, hence S = S ∈ B(U), by [Sta97, Lemma 6]. Obviously, S = S^∗, hence S = S^∗. □

The (closed-loop) state-to-control map F_⟲ (see (2.6)) determines the pair [ F G ] uniquely modulo a unit constant:

Lemma A.5 (All [ F G ]). Let [ F G ] be an admissible state-feedback pair for Σ. Then all admissible state-feedback pairs [ F̃ G̃ ] leading to same F_⟲ are given by [ F̃ G̃ ] = � QF I − Q(I − G ) � (Q ∈ GB(U)). (A.6)

When F is bounded, the above claim is rather obvious (see [Mik02, p. 800]). Therefore, discretization (see [Mik02]) leads to an alternative proof of the lemma.

We observe that the whole left column of the closed-loop system (2.6) is the same for all such pairs; the only difference on the right column corresponds to the coordinate change u_⟲ → Qu_⟲ in the exogenous input.

Proof. Define M̃ := (I − G̃ )^{−1} and Σ̃_⟲ for [ F̃ G̃ ] as in Definition 2.4. Set E := M^{−1}M̃ ∈ GTIC_∞(U). By (2.6), (2.5) and (twice) 4. of Definition 2.1, we have

π_+M E π_− = π_+M̃ π_− = F̃_⟲B̃_⟲ = F_⟲B̃_⟲ = M F B̃M̃ = M π_+G π_−M̃ (A.7)

= (π_+)M π_+(I − M^{−1})π_−M̃ = −π_+M (I − π_−)M^{−1}π_−M̃ (A.8) = −0 + π_+M π_−M^{−1}(π_−)M̃ = π_+M π_−E (π_−). (A.9)

Therefore, π_+M (I − π_−)E π_− = 0, hence E := E ∈ B(U), by Lemma A.3. Since E ∈ GTIC_∞(U), the operator E is invertible and onto, hence E ∈ GB(U).

Since M̃ = M E, set Q := E^{−1} to have M̃^{−1} = QM^{−1}, G̃ = I − M̃^{−1} = I − Q(I − G ) and F̃ = M̃^{−1}F_⟲ = QF . □

Acknowledgments. The author wants to thank Olof Staffans, Ruth Curtain and others for useful comments on the manuscript.

22 Kalle M. Mikkola IEOT

References

[CP78] Ruth F. Curtain and Anthony J. Pritchard, Infinite dimensional linear systems theory, Lecture Notes in Control and Information Sciences, vol. 8, Springer- Verlag, New York and Berlin, 1978.

[Cur03] Ruth F. Curtain, Riccati equations for stable well-posed linear systems: the generic case, SIAM J. Control Optim. 42 (2003), no. 5, 1681–1702 (electronic).

[CZ95] Ruth F. Curtain and Hans Zwart, An introduction to infinite-dimensional linear systems theory, Springer-Verlag, New York, 1995.

[Dat70] Richard Datko, Extending a theorem of A. M. Liapunov to Hilbert space, J.

Math. Anal. Appl. 32 (1970), 610–616.

[FLT88] Franco Flandoli, Irena Lasiecka, and Roberto Triggiani, Algebraic Riccati equations with non-smoothing observation arising in hyperbolic and Euler–Bernoulli boundary control problems, Ann. Mat. Pura Appl. 153 (1988), 307–382.

[LT00] Irena Lasiecka and Roberto Triggiani, Control theory for partial differential equations: Continuous and approximation theorems. I abstract parabolic systems, Encyclopedia of Mathematics and its Applications, vol. 74, Cambridge University Press, Cambridge and New York, 2000.

[Mik02] Kalle M. Mikkola, Infinite-dimensional linear systems, optimal control and algebraic Riccati equations, Doctoral dissertation, Helsinki University of Technology, 2002, www.math.hut.fi/~kmikkola/research/thesis/ .

[Mik05a] , Generalized Popov Toeplitz operators, integral Riccati equations and optimal control, Manuscript, 2005.

[Mik05b] , Minimizing control is given by well-posed state feedback, Manuscript, 2005.

[Mik05c] , Reciprocal and resolvent Riccati equations for well-posed linear systems, Manuscript, 2005.

[OC04] Mark R. Opmeer and Ruth F. Curtain, New Riccati equations for well-posed linear systems, Systems Control Lett. 52 (2004), no. 5, 339–347.

[Oos00] Job Oostveen, Strongly stabilizable distributed parameter systems, Frontiers in Applied Mathematics, vol. 20, Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA, 2000.

[Sal89] Dietmar Salamon, Realization theory in Hilbert space, Math. Systems Theory 21 (1989), 147–164.

[Sta97] Olof J. Staffans, Quadratic optimal control of stable well-posed linear systems, Trans. Amer. Math. Soc. 349 (1997), 3679–3715.

[Sta98a] , Coprime factorizations and well-posed linear systems, SIAM J. Control Optim. 36 (1998), 1268–1292.

[Sta98b] , Feedback representations of critical controls for well-posed linear systems, Internat. J. Robust Nonlinear Control 8 (1998), 1189–1217.

[Sta98c] , On the distributed stable full information H^∞ minimax problem, Internat. J. Robust Nonlinear Control 8 (1998), 1255–1305.

[Sta98d] , Quadratic optimal control of well-posed linear systems, SIAM J. Control Optim. 37 (1998), 131–164.

Vol. 99 (9999) State-feedback stabilization of WPLSs 23

[Sta05] , Well-Posed Linear Systems, Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge, 2005.

[Wei94] George Weiss, Regular linear systems with feedback, Math. Control Signals Systems 7 (1994), 23–57.

[WR01] George Weiss and Richard Rebarber, Optimizability and estimatability for infinite-dimensional linear systems, SIAM J. Control Optim. 39 (2001), 1204– 1232.

[WW97] Martin Weiss and George Weiss, Optimal control of stable weakly regular linear systems, Math. Control Signals Systems 10 (1997), 287–330.

[Zwa96] Hans Zwart, Linear quadratic optimal control for abstract linear systems, Modelling and Optimization of Distributed Parameter Systems with Applications to Engineering (New York), Chapman & Hall, 1996, pp. 175–182.

Kalle M. Mikkola Helsinki University of Technology Institute of Mathematics P.O. Box 1100;

FIN-02015 HUT, Finland e-mail: Kalle.Mikkola@iki.fi URL: http://www.math.hut.fi/~kmikkola/