Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja

Espoo 2002 A452

Infinite-Dimensional Linear Systems, Optimal Control and Algebraic Riccati Equations

Volume 1/3 — Time-Invariant Operators & WPLSs

Kalle Mikkola

Σ_{ext} Σ_⟲ A B τ C D K F x_0

x = A_⟲x_0 + B_⟲u_⟲ y = C_⟲x_0 + D_⟲u_⟲ K_⟲x_0 + F_⟲u_⟲ + + u_⟲ u = K_⟲x_0 + M u_⟲

Helsinki University of Technology Institute of Mathematics Research Reports

Teknillisen korkeakoulun matematiikan laitoksen tutkimusraporttisarja Espoo 2002 A452

Infinite-Dimensional Linear Systems, Optimal Control and Algebraic Riccati Equations

Volume 1/3 — Time-Invariant Operators & WPLSs

Kalle Mikkola

Dissertation for the degree of Doctor of Science in Technology to be presented with due permission of the Department of Engineering Physics and Mathematics, for public examination and debate in Council Room at Helsinki University of Technology (Espoo, Finland) on the 18th of October, 2002, at 12 o’clock noon.

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics

Kalle Mikkola: Infinite-Dimensional Linear Systems, Optimal Control and Algebraic Riccati Equations; Helsinki University of Technology Institute of Mathematics Research Reports A452 (2002).

Abstract: In this monograph, we solve rather general linear, infinitedimensional, time-invariant control problems, including the H^∞ and LQR problems, in terms of algebraic Riccati equations and of spectral or coprime factorizations. We work in the class of (weakly regular) well-posed linear systems (WPLSs) in the sense of G. Weiss and D. Salamon.

Moreover, we develop the required theories, also of independent interest, on WPLSs, time-invariant operators, transfer and boundary functions, factorizations and Riccati equations. Finally, we present the corresponding theories and results also for discrete-time systems.

AMS subject classifications: 42A45, 46E40, 46G12, 47A68, 49J27, 49N10, 49N35, 93-02, 93A10, 93B36, 93B52, 93C05, 93C55, 93D15

Keywords: suboptimal H-infinity control, standard H-infinity problem, measurement feedback problem; H-infinity full information control problem, state feedback problem; Nehari problem; LQC, LQR control, H2 problem, minimization; bounded real lemma, positive real lemma; dynamic stabilization, controller with internal loop, strong stabilization, exponential stabilization, optimizability; canonical factorization, (J,S)-spectral factorization, (J,S)-inner coprime factorization, generalized factorization, J-lossless factorization; compatible operators, weakly regular well-posed linear systems, distributed parameter systems; continuous-time, discrete-time; infinite-horizon; time-invariant operators, Toeplitz operators, Wiener class, equally-spaced delays, Popov function; transfer functions, H-infinity boundary functions, Fourier multipliers; Bochner integral, strongly measurable functions, strong Lp spaces; Laplace transform, Fourier transform

Kalle.Mikkola@hut.fi

ISBN 951-22-6153-7 ISSN 0784-3143 Espoo, 2002

Helsinki University of Technology Department of Engineering Physics and Mathematics Institute of Mathematics P.O. Box 1100, 02015 HUT, Finland email:math@hut.fi http://www.math.hut.fi/

Contents

Volume 1/3

1 Introduction 11 1.1 On the contributions of this book . . . . . . . . . . . . . . . . . . 12 1.2 A summary of this book . . . . . . . . . . . . . . . . . . . . . . 15 1.3 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

I TI Operator Theory 45

2 TI and MTI Operators 47 2.1 Time-invariant operators (TI) . . . . . . . . . . . . . . . . . . . . 48 2.2 GTIC — invertibility . . . . . . . . . . . . . . . . . . . . . . . . 55 2.3 Static operators . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 2.4 The signature operator S . . . . . . . . . . . . . . . . . . . . . . 65 2.5 Losslessness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 2.6 MTI and its subclasses . . . . . . . . . . . . . . . . . . . . . . . 71

3 Transfer Functions ( ^TI = L^∞_{strong}, ^TIC = H^∞) 79 3.1 Transfer functions of TI ( ^TI = L^∞_{strong}) . . . . . . . . . . . . . . . 80 3.2 ^TI = L^∞_{strong} for Banach spaces (Fourier Multipliers) . . . . . . . . 90 3.3 H^2 and H^∞ boundary functions in L^2 and L^∞_{strong} . . . . . . . . . . 99

4 Corona Theorems and Inverses 115

5 Spectral Factorization (E = Y^∗ X, D^∗ JD = X^∗ SX) 133 5.1 Auxiliary spectral factorization results . . . . . . . . . . . . . . . 133 5.2 MTI spectral factorization (E , Y, X ∈ MTI) . . . . . . . . . . . . 140

II Continuous-Time Control Theory 149

6 Well-Posed Linear Systems (WPLS) 151 6.1 WPLS theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 6.2 Regularity (∃^D (+∞)) . . . . . . . . . . . . . . . . . . . . . . . . 166 6.3 Further regularity and compatibility . . . . . . . . . . . . . . . . 180 6.4 Spectral and coprime factorizations (D = NM^{−1}) . . . . . . . . . 202 6.5 Further coprimeness and factorizations . . . . . . . . . . . . . . . 210

6.6 Feedback and Stabilization (Σ_L, Σ_♭, Σ_♯) . . . . . . . . . . . . . . . 219 6.7 Further feedback results . . . . . . . . . . . . . . . . . . . . . . . 244 6.8 Systems with A Bu_0 ∈ L^p([0,1];H) . . . . . . . . . . . . . . . . . 263 6.9 Bounded B, bounded C, PS-systems . . . . . . . . . . . . . . . . 272

7 Dynamic Stabilization 279 7.1 Dynamic feedback (DF) stabilization ((I −

[_0 Q D 0 ] )^{−1} ∈ TIC) . . . 280 7.2 DF-stabilization with internal loop . . . . . . . . . . . . . . . . . 291 7.3 DPF-stabilization (F_ℓ(D , Q )) . . . . . . . . . . . . . . . . . . . . 314

Volume 2/3

III Riccati equations and Optimal control 347

8 Optimal Control (^d_{du} J = 0) 349 8.1 Abstract J-critical control (Jy_{ycrit} ⊥ Δy) . . . . . . . . . . . . . . 351 8.2 Abstract J-coercivity (J → [u Du]) . . . . . . . . . . . . . . . . . 356 8.3 J-critical control for WPLSs . . . . . . . . . . . . . . . . . . . . 361 8.4 J-coercivity and factorizations . . . . . . . . . . . . . . . . . . . 377 8.5 Problems on a finite time interval . . . . . . . . . . . . . . . . . . 392 8.6 Extended linear systems (ELS) . . . . . . . . . . . . . . . . . . . 395

9 Riccati Equations and J-Critical Control 401 9.1 The Riccati Equation: A summary for U_{out} (r.c.f.↔CARE) . . . . 404 9.2 Riccati equations when A Bu_0 ∈ L^1 . . . . . . . . . . . . . . . . . 417 9.3 Proofs for Section 9.2 . . . . . . . . . . . . . . . . . . . . . . . . 432 9.4 Analytic semigroups . . . . . . . . . . . . . . . . . . . . . . . . 438 9.5 Parabolic problems and CAREs . . . . . . . . . . . . . . . . . . 443 9.6 Parabolic problems: proofs . . . . . . . . . . . . . . . . . . . . . 450 9.7 Riccati equations on Dom(A_{crit}) . . . . . . . . . . . . . . . . . . 452 9.8 Algebraic and integral Riccati equations (CARE↔IARE) . . . . . 465 9.9 J-Critical control ↔ Riccati Equation . . . . . . . . . . . . . . . 481 9.10 Proofs for Section 9.9: Crit↔eIARE . . . . . . . . . . . . . . . . 500 9.11 Proofs for Section 9.8: eCARE↔eIARE . . . . . . . . . . . . . . 507 9.12 Further eIARE and eCARE results . . . . . . . . . . . . . . . . . 517 9.13 Examples of Riccati equations . . . . . . . . . . . . . . . . . . . 525 9.14 (J,∗)-critical factorization (D = NM^{−1}) . . . . . . . . . . . . . . 534 9.15 H^2-factorization when dimU < ∞ . . . . . . . . . . . . . . . . . 539

10 Quadratic Minimization (minJ ) 543 10.1 Minimizing ∫ ∞ 0 (‖y‖^2_H + ‖u‖^2_U )dm (LQR) . . . . . . . . . . . . . 545 10.2 General minimization (LQR) . . . . . . . . . . . . . . . . . . . . 553 10.3 Standard assumptions . . . . . . . . . . . . . . . . . . . . . . . . 568 10.4 The H^2 problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 580 10.5 Real lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 587

10.6 Positive Popov operators (0 ≪ D^∗ JD = X^∗ X) . . . . . . . . . . . 592 10.7 Positive Riccati equations (J (0,·) ≥ 0) . . . . . . . . . . . . . . . 601

11 H^∞ Full-Information Control Problem (‖w → z‖ < γ) 607 11.1 The H^∞ Full-Info Control Problem (FICP) . . . . . . . . . . . . . 608 11.2 The H^∞ FICP: proofs . . . . . . . . . . . . . . . . . . . . . . . . 625 11.3 The H^∞ FICP: stable case . . . . . . . . . . . . . . . . . . . . . . 649 11.4 Minimax J-coercivity . . . . . . . . . . . . . . . . . . . . . . . . 665 11.5 The discrete-time H^∞ ficp . . . . . . . . . . . . . . . . . . . . . . 669 11.6 The H^∞ ficp: proofs . . . . . . . . . . . . . . . . . . . . . . . . . 673 11.7 The abstract H^∞ FICP . . . . . . . . . . . . . . . . . . . . . . . . 676 11.8 The Nehari problem . . . . . . . . . . . . . . . . . . . . . . . . . 680 11.9 The proofs for Section 11.8 . . . . . . . . . . . . . . . . . . . . . 682

12 H^∞ Four-Block Problem (‖F_ℓ(D , Q )‖ < γ) 685 12.1 The standard H^∞ problem (H^∞ 4BP) . . . . . . . . . . . . . . . . 686 12.2 The discrete-time H^∞ problem (H^∞ 4bp) . . . . . . . . . . . . . . 705 12.3 The frequency-space (I/O) H^∞ 4BP . . . . . . . . . . . . . . . . . 709 12.4 Proofs for Section 12.3 . . . . . . . . . . . . . . . . . . . . . . . 719 12.5 Proofs for Section 12.1 — 4BP P_X ,P_Y ,P_Z . . . . . . . . . . . . . 733 12.6 Proofs for Section 12.2 — 4bp P_X ,P_Y ,P_Z . . . . . . . . . . . . . 758

Volume 3/3

IV Discrete-Time Control Theory (wpls’s) 775

13 Discrete-Time Maps and Systems (ti & wpls) 777 13.1 Discrete-time I/O maps (tic) . . . . . . . . . . . . . . . . . . . . 779 13.2 The Cayley transform (♦, ♥) . . . . . . . . . . . . . . . . . . . . 787 13.3 Discrete-time systems (wpls(U,H,Y )) . . . . . . . . . . . . . . . 792 13.4 Time discretization (Δ^S : WPLS → wpls) . . . . . . . . . . . . . . 805

14 Riccati Equations (DARE) 815 14.1 Discrete-time Riccati equations (DARE) . . . . . . . . . . . . . . 815 14.2 DARE — further results . . . . . . . . . . . . . . . . . . . . . . 820 14.3 Spectral and coprime factorizations . . . . . . . . . . . . . . . . . 829

15 Quadratic Minimization 833 15.1 J-critical control and minimization . . . . . . . . . . . . . . . . . 833 15.2 Standard assumptions in discrete time . . . . . . . . . . . . . . . 839 15.3 Positive DAREs . . . . . . . . . . . . . . . . . . . . . . . . . . . 842 15.4 Real lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 843 15.5 Riccati inequalities and the maximal solution . . . . . . . . . . . 846

Conclusions 851

A Algebraic and Functional Analytic Results 853

A.1 Algebraic auxiliary results (

[_{A11} 0 A_{12} A_{22} ]_{−1} = [A^{−1}_{11} 0 −A^{−1}_{11} A_{12}A^{−1}_{22} A^{−1}_{22} ] ) . . . . 854 A.2 Topological spaces . . . . . . . . . . . . . . . . . . . . . . . . . 863 A.3 Hilbert and Banach spaces . . . . . . . . . . . . . . . . . . . . . 865 A.4 C_0-Semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . 896

B Integration and Differentiation in Banach Spaces 903 B.1 The Lebesgue integral and L^p(R;[0,+∞]) spaces . . . . . . . . . 904 B.2 Bochner measurability ( f ∈ L(Q;B)) . . . . . . . . . . . . . . . . 906 B.3 Lebesgue spaces (L^p(Q,μ;B)) . . . . . . . . . . . . . . . . . . . 912 B.4 The Bochner integral ( ∫ Q : L^1(Q;B) → B) . . . . . . . . . . . . . 922 B.5 Differentiation of integrals (^d_{dt} ∫ ) . . . . . . . . . . . . . . . . . . 937 B.6 Vector-valued distributions D^′(Ω;B) . . . . . . . . . . . . . . . . 943 B.7 Sobolev spaces W^{k,p}(Ω;B) . . . . . . . . . . . . . . . . . . . . . 945

C Almost Periodic Functions (AP) 953

D Laplace and Fourier Transforms (L^⌣u = ^u) 957

E Interpolation Theorems 983 E.1 Interpolation theorems (L^{p1} + L^{p2} → L^{q1} + L^{q2} ) . . . . . . . . . . 983

F L^p_{strong}, L^p_{weak} and Integration 993 F.1 L^p_{strong} and L^p_{weak} . . . . . . . . . . . . . . . . . . . . . . . . . . 993 F.2 Strong and weak integration (s ∫ , w ∫ ) . . . . . . . . . . . . . . . . . 1007 F.3 Weak Laplace transform (L^⌣_w) . . . . . . . . . . . . . . . . . . . 1013

References 1020

Notation 1033 Glossary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1044 Abbreviations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1045 Acronyms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1046

Index 1047

List of Figures

Volume 1/3

1.1 Input/state/output diagram of a WPLS [_A C B D ] . . . . . . . . . . . . 23 1.2 Dynamic output feedback controller Q for D ∈ TIC_∞(U,Y ) . . . . 25 1.3 The H^∞ FICP . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 1.4 DPF-controller ~Σ for Σ ∈ WPLS(U ×W,H,Z ×Y ) . . . . . . . . 37

6.1 Input/state/output diagram of the system Σ . . . . . . . . . . . . . 155 6.2 Static output feedback . . . . . . . . . . . . . . . . . . . . . . . . 221 6.3 State feedback connection . . . . . . . . . . . . . . . . . . . . . 225 6.4 The setting of Proposition 6.6.18(f) . . . . . . . . . . . . . . . . . 233 6.5 Output injection connection . . . . . . . . . . . . . . . . . . . . . 240 6.6 The extended system Σ_{Total} . . . . . . . . . . . . . . . . . . . . . 241 6.7 The closed-loop system (Σ_{Total})_L . . . . . . . . . . . . . . . . . . 241 6.8 The setting of Lemma 6.7.11(a’) . . . . . . . . . . . . . . . . . . 254 6.9 The setting of Lemma 6.7.12 . . . . . . . . . . . . . . . . . . . . 259

7.1 DF-controller Q for D ∈ TIC_∞(U,Y ) . . . . . . . . . . . . . . . . 283 7.2 DF-controller ~Σ for Σ ∈ WPLS(U,H,Y ) . . . . . . . . . . . . . . 284 7.3 DF-controller O with internal loop for D ∈ TIC_∞(U,Y ) . . . . . . 293 7.4 DF-controller ~Σ with internal loop for Σ ∈ WPLS(U,H,Y ) . . . . 295 7.5 Controller YX^{−1} with r.c. internal loop . . . . . . . . . . . . . . . 307 7.6 Controller ~X^{−1} ~Y with l.c. internal loop . . . . . . . . . . . . . . . 307 7.7 The controller Q^′ := Y(X + EY)^{−1} : ~y → u for D + E . . . . . . . 314 7.8 DPF-controller Q for D ∈ TIC_∞(U ×W,Z ×Y ) . . . . . . . . . . 317 7.9 DPF-controller ~Σ for Σ ∈ WPLS(U ×W,H,Z ×Y ) . . . . . . . . 319 7.10 DPF-controller O with internal loop for D ∈ TIC_∞(U ×W,Z ×Y ) 319 7.11 DPF-controller ~Σ with internal loop for Σ ∈ WPLS(U ×W,H,Z ×Y )320 7.12 The controller Q^′ := Y(X + EY)^{−1} : ~y → u for D +

[_0 E 0 0 ] . . . . . 340

8 LIST OF FIGURES

Volume 2/3

9.1 State feedback connection . . . . . . . . . . . . . . . . . . . . . 408 9.2 The setting of Lemma 9.12.3 . . . . . . . . . . . . . . . . . . . . 525 9.3 The setting of Proposition 9.12.4 . . . . . . . . . . . . . . . . . . 525

10.1 The H^2 problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 584 10.2 The H^2 state feedback problem . . . . . . . . . . . . . . . . . . . 586

11.1 A WPLS controlled by a H^∞-FI-pair . . . . . . . . . . . . . . . . 615 11.2 Dynamic feedforward compensator . . . . . . . . . . . . . . . . . 658 11.3 Parameterization of all suboptimal compensators . . . . . . . . . 658

12.1 The suboptimal controller Q := F_ℓ(T, L) : y → u . . . . . . . . . 699 12.2 The map D_+ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 721 12.3 “DPF-controller Q with internal loop” for Σ ∈ WPLS(U × W,H,Z ×Y ) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 742

Preface

For H^∞, H^2, LQR and several other linear time-invariant control problems, it is well known that the existences of

(I) a solution of that control problem, (II) a corresponding coprime or spectral factorization and (III) a stabilizing solution of the corresponding Riccati equation are, roughly speaking, all equivalent in the finite-dimensional setting, and from one of them the others can be computed. Therefore, control problems are often solved by computing the solutions of the corresponding Riccati equations.

These results have been extended to infinite-dimensional (semigroup) control systems with bounded input and output operators, and in the eighties and early nineties also to the larger class of Pritchard–Salamon systems and to certain other special cases of our setting.

The main purpose of this monograph is to generalize these results to infinitedimensional (weakly regular) well-posed linear systems (WPLSs) in the sense of G. Weiss. This is done in Chapters 8–12; see pp. 21–24 for an introduction to WPLSs.

We also develop corresponding discrete-time results (Chapters 13–15 and Sections 11.5 and 12.2), WPLS theory (Chapters 6–7, including regularity, state feedback, output injection and dynamic feedback), and an extensive theory of independent interest for time-invariant operators (“Toeplitz operators”) and some of their subclasses (such as extended Callier–Desoer classes and other convolutions with measures), transfer and boundary functions and spectral and coprime factorization (Chapters 2–5 and Sections 6.4–6.5). A more detailed description of some of the main results of this monograph and some historical remarks are provided in Sections 1.1 and 1.2 and in the “notes” parts of each section.

WPLSs cover all linear time-invariant systems that map the initial state and input continuously to the state and output (with inputs and outputs in L^2_{loc}; see pp. 21); in particular all settings mentioned above are covered. Moreover, any transfer function that is bounded and holomorphic on some right half-plane (i.e., that is well-posed or proper) has a WPLS realization. The input and output operators of a WPLS may be as unbounded as for Pritchard–Salamon systems independently of each other as long as the transfer function is well posed, thus allowing roughly twice as much irregularity.

Weak regularity means the existence of a feedthrough operator in a very weak sense; an equivalent condition is that the transfer function has a limit at infinity along the positive real axis. In particular, all I/O maps whose impulse response is a (uniform, strong or weak) L^p function plus some delays (or any vector-valued measure) and several others are weakly regular.

Much of our theory on WPLSs cover the general case, but Riccati equations cannot be defined without feedthrough operators (except in a very weak sense, as in Section 9.7).

We generally allow the input, state and output spaces of WPLSs to be Hilbert spaces of arbitrary dimensions, and some results are given even in a Banach space setting. In addition to exponentially stabilizing controllers and exponentially stabilizing solutions of Riccati equations, we also study stabilizing and strongly stabilizing ones; part of these results may be new even for finite-dimensional systems.

During the last four decades, the literature has become abundant in infinitedimensional (or distributed) systems arising in physics, engineering, economics, mechanics, environmental modeling, biomedical engineering, evolution dynamics, geophysics and other sciences, and the systems can represent semiconductor devices, animal populations, fluid dynamics, microwave circuits, vibration of strings or membranes, heat diffusion, computer hard discs, CD players and many other devices.

For some particular systems and problems, there are now rather mature theories. The purpose of this monograph is to solve the problems in a very general, unifying framework — in the framework of WPLSs.

Our presentation is abstract and theory-oriented; nevertheless, many of our results can be understood without the functional analytic knowledge provided by the appendices. The book is rather self-contained and it can be read without any prior knowledge in system or control theory, although experts are considered as the main audience and some proofs may be demanding.

Acknowledgements: I am very grateful to professor Olof Staffans, who warmly guided me to the world of mathematical control theory, and whose knowledge has been very valuable to me. I also wish to thank professor Stig-Olof Londen for helping me not get lost in Fréchet spaces during my undergraduate studies, and my supervisor, professor Olavi Nevanlinna, and the people at the Institute of Mathematics at Helsinki University of Technology for its warm and stimulating environment.

Professor Ilya Spitkovsky has kindly pointed me to several important results on spectral factorization and Irena Lasiecka and Roberto Triggiani to many results obtained by their school. I have also had inspiring discussions with professors Ruth Curtain, George Weiss and Hans Zwart, doctors Marko Huhtanen and Jarmo Malinen, and others. Part of this work was written with the support of the Academy of Sciences, the Graduate School of Analysis and the Finnish Cultural Foundation. Finally, I wish to thank my friends and loved ones, for making this world such a great place to live in.

Kalle Mikkola

Twice or thrice had I loved thee Before I knew thy face or name. So in a voice, so in a shapeless flame, Angels affect us oft, and worshipped be. — John Donne (1571–1631)